In this paper, we show that efficient separated sum-of-exponentials approximations can be constructed for the heat kernel in any dimension. In one space dimension, the heat kernel admits an approximation involving a number of terms that is of the order O(log(
Introduction
Our study of the heat kernel and its approximation is motivated by an interest in developing efficient methods for the solution of the heat equation
subject, for example, to Dirichlet boundary conditions
in a moving space-time domain Ω T = T t=0 Ω(t), where Γ(t) is the boundary of Ω(t). More precisely, we are interested in accelerating methods based on heat potentials [16, 40] , which seek to represent U in terms of a single or double layer potential, S(σ)(x, t) = t 0 Γ(t) ∂ ∂n y G(x − y, t − τ )σ(y, τ )ds y dτ
and D(σ)(x, t) = t 0 Γ(t) ∂ ∂n y G(x − y, t − τ )σ(y, τ )ds y dτ ,
respectively, where G(x, t) is the heat kernel
4t , n y denotes the unit outward normal to Γ(τ ) at the point y = y(τ ), and σ is an unknown surface density.
For the Dirichlet problem (1), it is standard to represent U using the double layer heat potential:
where V (x, t) denotes the initial potential
V (x, t) =
Ω(0)
G(x − y, t)U 0 (y)ds y .
Imposing the boundary condition and using standard jump relations [16, 40] leads to the Volterra integral equation of the second kind
on the space-time boundary Γ T = T t=0 Γ(t). Here, D * (σ)(x, t) denotes the principal value of the double layer potential.
It is convenient both analytically and numerically to decompose the double layer potential into two pieces: a history part D H and a local part D L . Letting δ be a small positive parameter, we write ∂ ∂n y G(x − y, t − τ )σ(y, τ )ds y dτ
and D L (σ)(x, t, δ) = t t−δ Γ(t) ∂ ∂n y G(x − y, t − τ )σ(y, τ )ds y dτ .
A major advantage of the integral equation formulation is that high order accuracy can be achieved through the use of suitable quadratures, even when the boundary is in motion (see, for example, [31] ). A second advantage is that the equation (6) can be written in the form
Since the history part is already known and the norm of D L can be shown to be of the order D L = O( √ δ) [20] , the equation (9) can be solved by 2k steps of fixed point iteration to an accuracy of δ k . There is a substantial engineering literature on boundary integral eqautions for heat flow (see, for example, [10, 36] ). In the mathematical literature, it is worth noting the work of McIntyre [38] , Noon [39] , Chapko and Kress [13] , and the survey article of Costabel [15] .
The major disadvantage of numerical methods based on heat potentials, however, is their history-dependence. Simply evaluating Dσ at a sequence of time steps t n = n∆t, for n = 0, . . . , N T , clearly requires an amount of work of the order O(N 2 T N 2 S ), where N S denotes the number of points in the discretization of the boundary. While direct discretization methods have been used for (9) , in the absence of fast algorithms it is difficult to argue that integral equation methods would be methods of choice for large-scale simulation. In the last two decades, however, a variety of schemes have been developed to overcome this obstacle. The scheme of [19] used discrete Fourier methods to represent the history part, while [9] replaced the Fourier representation with a regular (physical space) grid on which to update D H . In [18] , the problem of exterior heat flow was considered using the continuous Fourier transform in the spatial variables. Sethian and Strain [42] and Ibanez and Power [24] developed variants of the fast algorithm of [19] in the analysis of solidification, melting and crystal growth. More recently, Tausch [45] developed an interesting space-time "fast-multipolelike" method that also overcomes the cost of history-dependence (although it involves a hierarchical decomposition of the entire space-time domain).
A somewhat different approach to overcoming history dependence is based on using the Laplace transform in the time variable, leading to what are sometimes called "Laplace transform boundary element methods" [15, 22, 34, 41] . That is the approach we consider here, for the following reasons:
1. The Fourier methods of [18, 19] assume that the spatial domain of interest is finite (even when considering exterior problems). Both the computation of the Fourier modes and the evaluation of the solution at large distances can involve highly oscillatory integrals.
2. The required number of Fourier modes in [18, 19] 
, where a is a bound on the extent of the domain in each spatial direction. This makes the method inefficient for small δ.
Using the Laplace transform avoids both of these difficulties and leads to a sumof-exponentials approximation of the heat kernel that is asymptotically optimal (although in the end, hybrid schemes may yield better constants). Sum-of-exponentials approximations of convolution kernels have many applications in scientific computing. They permit, for example, the construction of diagonal forms for translation operators. We refer the reader to [14, 49] for their use in the elliptic case in accelerating fast multipole methods. They also permit the development of highly efficient nonreflecting boundary conditions for the wave and the Schrödinger equations [2, 3, 22, 25, 26, 35] .
Function approximation using sums of exponentials is a highly nonlinear problem, so that the numerical construction of such approximations is nontrivial. In a series of papers, Beylkin and Monzón [4, 5, 6] carried out a detailed investigation and developed efficient and robust algorithms when given function values on a fixed interval. In some cases, the function of interest can be represented as a parametrized integral with exponential functions in the integrand, in which case generalized Gaussian quadrature methods [11, 37] can also be used. In other cases, however, the function being approximated, say f (t) is only accessible as the inverse Laplace transform of an explicitly computable function, sayf (s). Iff (s) is sectorial (i.e., holomorphic on the complement of some acute sector containing the negative real axis for s ∈ C), then the truncated trapezoidal or midpoint rule can be used in conjunction with carefully chosen contour integrals, leading to efficient and accurate sum-of-exponentials approximations. López-Fernández, Palencia, and Schädle, for example, have made effective use of various hyperbolic contours [32, 33] . On the other hand, if the Laplace transformf (s) does not have such well-defined properties, one may instead try to find a sum-of-poles approximation in the s-domain, from which a sum-of-exponentials approximation for f (t) can be obtained by inverting the sum-of-poles approximation analytically (see, for example, [48] ).
In this paper, we construct efficient separated sum-of-exponentials approximations for the free-space heat kernel. In particular, We show that the onedimensional heat kernel
2 /(4t) admits an approximation of the form
for any t ∈ [δ, T ] and x ∈ R, where
where is the desired precision. In the d-dimensional case (d > 1), the heat kernel
for all t ∈ [δ, T ] and x ∈ R d , where
Both our construction and proof draw on earlier work, especially [6, 33] .
The paper is organized as follows. In Section 2, we collect some useful results mainly from [6, 33] . After developing the sum-of-exponentials representations in Section 3, we then discuss their application to boundary value problems governed by the heat equation in Section 4. The basic idea is to use the sum-of-exponentials approximation for the computation of the history part (such as D H (σ) above), since the parameter δ separates the time integration variable τ from the current time t so that t − τ ∈ [δ, T ]. Since the temporal dependence for each term in (10) involves a simple exponential, the convolution in time can be easily computed using standard recurrence relations, as in [18, 19] . Furthermore, the convolutions in space can be evaluated by a variety of fast algorithms, such as variants of the fast multipole method. These issues are discussed in section 4. With δ = ∆t, where ∆t is a fixed time step, the total computational cost for evaluating D H (σ) is easily seen to be of the order O N S N T log(N S ) log 2 (N T ) , and the memory requirements are of the order O N S log 2 (N T ) for fixed accuracy .
Analytical preliminaries
In this section, we collect some results from [6, 33] which will be used in subsequent sections.
The following lemma provides an error estimate for the sum-of-exponentials approximation obtained by the truncated trapezoidal rule discretization of a certain contour integral in the Laplace domain.
Lemma 1.
[Adapted from [33] .] Suppose that U (z) is holomorphic on W = C \ (−∞, 0] and satisfies the estimate
dz is the inverse Laplace transform of U . Suppose further that α and β satisfy the condition 0 < α − β < α + β < π 2 , 0 < θ < 1, and that Γ is chosen to be the left branch of the hyperbola
where T (x) = (1 − sin(α + ix)). Finally, suppose that u n (t) is the approximation to u(t) given by the formula
Then the choice of parameters
leads to the uniform estimate on δ ≤ t ≤ T ,
where
Proof. Choosing s = 
With the choice of parameters given by (14)- (16), it is easy to see that
Finally, it is easy to see that L(x) is decreasing in x and thus
Substituting (21)- (24) into (20), we obtain (17).
Remark 1. The parameters α, β, and θ are available for optimization. For our problem, i.e., the sum-of-exponentials approximation of the 1D heat kernel, we choose α = 0.8, β = 0.7 in (18). We have also tested various values of θ in (0, 1). Numerical experiments indicate that the number of nodes needed for a prescribed accuracy is relatively insensitive when θ is in the range [0.85, 0.95].
Combining Lemma 1 and Remark 1, we have the following Corollary.
Corollary 1. Suppose that 0 < < 0.1 is the prescribed relative error and that T ≥ 1000δ > 0. Then under the conditions of Lemma 1, the following estimate holds
if the number of exponentials n satisfies the following estimate:
Proof. We choose the parameters α, β, and θ as in Remark 1. The factor φ(α, β) in (17) is just a fixed constant independent of n, T , and δ. For T ≥ 1000δ > 0, the parameter a(θ) defined in (16) satisfies the estimate
Moreover, the function L defined in (19) is decreasing for x > 0, L(x) ≈ | ln x| as x → 0 + , and L(x) → 1 as x → +∞. Combining this observation with the assumption (26), we observe that the factor L(λδ sin(α − β)) in (17) satifies the estimate
Substituting (27) and (28) into (17), we obtain
It is then easy to see that (25) follows if n satisfies (26).
Remark 2. For most practical cases, the log log T δ factor is much smaller than the log 1 factor. Thus for a fixed precision , we will simply say that
Remark 3. The hyperbolic contour is chosen in such a way that the horizontal strip D β = {z ∈ C : |Imz| ≤ β} is transformed into a region bounded by the left branches of two hyperbolas defined as in (12), but with x replaced by x±iβ. The reason that such contour is chosen is the (well-known) fact that the trapezoidal rule converges exponentially fast for functions holomorphic on a horizontal strip containing the real axis (see, for example, [43, 44] ). We have actually used the midpoint rule to eliminate the occurence of a node directly on the real axis.
There is almost no difference in terms of accuracy, but this allows us to assume that all nodes lie in the upper half plane in actual computation.
Remark 4.
It is likely that other contours would yield similar results. Trefethen et al. [47] have analyzed this issue with great care and presented a detailed comparison of various contours (hyperbolic, parabolic, and Talbot contours [46] ) for inverting sectorial Laplace transforms, though they are mainly concerned with the efficiency of various contours for a fixed time t.
We will also need the following lemma, adapted from Theorem 5 in [6] , which is concerned with the efficient sum-of-exponentials approximation for the power function 
and positive real numbersw i ,
Furthermore, for fixed accuracy , N = O log T δ . Remark 5. It is pointed out in the caption of Table 1 of [6] that the dependence of the number of terms on accuracy appears to be almost linear in log 1 rather than O (log 1 ) 2 , as stated in (30) . Indeed, Remark 8 in [25] states that the number of exponentials needed to approximate 1 t 1/2 for a given relative accuracy is O log 1 log log 1 + log T δ
. It is straightforward, but tedious, to extend the proof of [25] to show that the number of exponentials to achieve a relative accuracy of for 1 t n/2 when n = 2, 3, 4 is of the same order. This is sufficient for the heat kernel in one, two, and three dimensions. While this leads to a formal improvement in estimating the required number of exponentials, the numerical results from the method of [6] are actually more efficient than those obtained via the explicit construction of [25] . Thus, we have left the statement of Lemma 2 as is.
Remark 6. In [7] , the error of the approximation of 1/x by exponential sums is studied in detailed on both finite and infinite intervals. In [8] , Braess and Hackbusch extend their analysis to the general power function 1/x α , α > 0, obtaining sharp error estimates for the absolute error.
3 Sum-of-exponentials approximation of the heat kernel
In this section, we first develop a separated sum-of-exponentials approximation for the one-dimensional heat kernel. We then extend the approximation to arbitrary space dimensions, and to directional derivatives of the heat kernel, such as the kernel of the double layer potential D(σ).
The one-dimensional result is summarized by the following theorem.
denote the one-dimensional heat kernel and let its Laplace transform be denoted byĜ(x, s) =
Furthermore, let 0.1 > > 0 be fixed accuracy and T ≥ 1000δ > 0 . Then there exists a sum-of-exponentials approximation
such that
Proof. The formula (32) is well-known and can be derived from standard Laplace transform tables. The natural extension ofĜ(x, s) to the complex s-plane has an obvious branch point at s = 0, and a branch cut along the negative real axis assuming the restriction −π < s ≤ π. Thus,Ĝ(x, s) is holomorphic on W = C \ (−∞, 0] and satisfies the estimate
for s ∈ W and all x ∈ R. As a result, G(x, t) can be represented by the inverse Laplace transform: The last condition implies that
for some b > 0. This forces the integral (37) to be absolutely convergent. It is easy to see that the integral is independent of the choice of Γ.
The main result (33) is now a direct consequence of Lemma 1 and Corollary 1 in Section 2 sinceĜ satisfies the condition (36) . In particular, we have
with s k = −λi cos(α + ikh), and the parameters h, λ specified in (14) and (15), respectively.
In Table 1 , we list the number of exponentials needed to approximate the 1D heat kernel for x ∈ R over three different time intervals Remark 7. To obtain Table 1 , we set α = 0.8, β = 0.7, θ = 0.9 for I 1 and θ = 0.95 for I 2 and I 3 . analytically for all time. However, we have checked the value of the expression numerically for all cases presented in Table 1 , and found that it is roughly 1.08. This suggests that the sum-of-exponentials approximation is, indeed, wellconditioned.
Remark 9. If we make a further change of variable z = √ s in (37), we obtain
where Γ is any contour lying in the sector { π 4 < | arg z| ≤ π 2 } of the complex plane. In particular, if Γ is chosen to be the imaginary axis, then we essentially recover the Fourier integral representation of the heat kernel (see, for example, [19] ).
Finally, it is worth repeating that the number of terms required in the sumof-exponentials approximation does not depend on the spatial extent of the problem.
Heat kernels in higher dimensions
Suppose now that we are interested in heat flow in R d , for d ≥ 2, where the heat kernel is
The following theorem describes an efficient sum-of-exponentials representation.
Theorem 2. For any 0.1 > > 0 and T ≥ 1000δ > 0, the heat kernel G d (x, t) admits the following approximation:
for any x ∈ R d , t ∈ [δ, T ] with N 1 specified in (35) and N 2 specified in (30).
Proof. We first rewrite the d dimensional heat kernel as a product of two functions:
Similarly, we rewriteG d as follows:
Using the triangle inequality, we have
and the result follows.
The double layer heat potential
Since we often rely on the double layer potential in integral equation methods, it is worth writing down a sum-of-exponentials approximation for this case as well. We denote the kernel of the double layer heat potential by
. Theorem 3. Let 0.1 > > 0 be fixed accuracy, R > 1 and T ≥ 1000δ > 0.
Then there exists a sum-of-exponentials approximation
for |x − y| ≤ R and t ∈ [δ, T ]. Here N 1 and N 2 are as follows:
and
Proof. We first introduceˆ = /R. Then by Theorem 1, there exist
for x ∈ R and t ∈ [δ, T ]. Changing x to x − y and multiplying both sides of (53) by (x − y) · n y , we obtain
Similarly, by Lemma 2, we have
where N 2 is given by (52). The result is then obtained by an argument almost identical to that in the proof of Theorem 2.
Remark 10. As discussed in Remark 5, more involved analysis could replace the order estimate O((log 1 + log R) 2 ) for N 2 in (52) with O(log 1 + log R).
Remark 11. It is worth noting that Theorems 1-3 provide what are, in essence, relative error estimates. Our numerical experiments also indicate that the log R dependence in N 1 and N 2 and the restriction on x − y are somewhat artificial since D(x, y; t) and D A (x, y; t) are exponentially small for large (x − y).
Applications
We return now to a consideration of the exterior Dirichlet problem governed by the heat equation in eqs. (1) and (2). We let δ = (k − 1)∆t in order to obtain a kth order scheme and consider the calculation of D L and D H separately.
To simplify the notation, we fix the relative accuracy , the computational domain size R, and suppress the dependence of the complexity on and R in the following discussion.
Evaluation of the local part D L
The discretization of the local part of the double layer potential D L is discussed in [31] for both stationary and moving boundaries. We limit our attention here to the case of a stationary boundary, Γ(t) = Γ(0), for the sake of simplicity. The basic idea is to expand the density σ(y, t) on [t − δ, t] for each y in the form
The functions σ 0 (y), . . . , σ k−1 (y) are obtained from the function values σ(y, t − j∆t) for j = 0, · · · , k − 1. Substituting the above expression into (8) and changing the order of integration in time and space, we obtain
For an analgous treatment of unsteady Stokes potentials, see [27] .
Remark 12.
The above procedure provides a robust, high-order marching scheme that is insensitive to the complexity of the geometry. Simpler timemarching schemes are subject to geometrically induced stiffness, discussed at some length in [27, 31] .
The kernels D L,k can be computed in closed form in terms of the exponential integral function Ei(1, x) in two dimensions and the error function erf(x) in three dimensions. Each of these kernels is singular (or weakly singular), but smooth away from the diagonal (x = y). The discretization of the spatial integrals, therefore, requires techniques much like those needed for elliptic layer potentials. We refer the reader to [1] and [28] for a discussion of high order accurate rules.
When computing D L,k at each boundary point, we would also like to avoid the O(N 2 S ) work that would be required by naive evaluation of the integral. A large number of fast algorithms are now available to reduce the cost of this step to O(N S ) or O(N S log N S ). These include fast multipole methods, kernelindependent fast multipole methods [50] , HSS and H-matrix methods [12, 21] , and HBS or recursive skeletonization methods [23, 17] . We propose to use the approach developed in [23] . That is, each of the operators D L,j (x m , y n ) (j = 1, · · · , k − 1) will be compressed once, with subsequent applications of the operator computed in near optimal complexity time with smaller constant prefactors than analytically-based fast multipole methods. It is also possible, of course, to store a compressed version of the full operator D L or (−
. While the storage costs are large, they scale nearly linearly with N S . This is ideal for long-time simulation in stationary domains, where the same linear system is solved at each time step with a different right-hand side.
Evaluation of the history part D H
For the history part, approximating the kernel by D A (x, y; t−τ ) and substituting (49) into (7), we obtain
where each history mode H j,k is given by the formula
with V k given by the formula
Here, we have interchanged the order of summation and integration.
For each fixed τ , V k (x, τ ) can be discretized using the trapezoidal rule and the resulting summation can again be computed using the fast algorithms in [23] for all x ∈ Γ. The computational cost for this step is O(N S log N S ) for each k. Once the V k have been evaluated, each history mode H j,k can be computed recursively, as in [19, 27] :
(Equivalently, each history mode H j,k can be seen to satisfy a simple linear ODE.) The point is that each history mode can be computed in O(1) operations at each time step for each x. Since both N 1 and N 2 are O(log(T /δ)) = O(N T ) with N T the total number of time steps, the net computational cost for the evaluation of the history part at each time step is O(N S log N S log N T +N S log 2 N T ), with storage requirements of the order O(N S log 2 N T ). The computational cost for the entire simulation is
The algorithm of the present paper is embarrassingly parallel in that the computation of each history mode is independent. Furthermore, the hierarchical fast algorithms used for each V k (x, τ ) are themselves amenable to parallelization, and there is already a substantial body of research and software devoted to that task for large-scale problems in three dimensions.
Numerical examples
In this section, we illustrate the accuracy and stability of the sum-of-exponential approximations for the heat kernels. More precisely, we have implemented the algorithm outlined in the previous section to solve the exterior Dirichlet problem governed by the heat equation in two dimensions. The spatial integral in the local parts is discretized using the 16th order hybrid Gauss-trapezoidal rule of [1] , while the spatial integral in the history part is discretized using the trapezoidal rule. We have implemented 2nd, 3rd, and 4th order schemes in time (defined by the number of terms taken in the local Taylor expansion of σ in section 4.1), with numerical experiments carried out using the fourth order version. We consider four simple boundary curves: a circle, an ellipse with aspect ratio 2:1, a crescent, and a smooth hexagram, shown in Figures 1-4 , respectively. The final time is set to T = 1 and the boundary curves are roughly of size R = 5. We generate boundary data by placing heat sources inside the boundary curve and test the accuracy of our numerical solution by comparing it with the analytical solution at 20 target points outside the boundary curves. We use 350 spatial discretization points for the circle, 256 points for the ellipse, 512 points for the crescent, and 350 points for the hexagram. Since our spatial integration rules are very high order and the geometry is well-resolved, the accuracy is dominated by the discretization error in time.
In each of the tables below, ∆t is the time step, N T is the total number of time steps, K is the condition number of the linear system that needs to be solved at each time step, E is the relative L 2 error of the numerical solution at the final time, and r is the ratio of relative L 2 errors for successive time step refinements: r(j) = E(j − 1)/E(j).
Remark 13. Since our examples are intended to demonstrate the accuracy and stability of the sum-of-exponential approximations for the heat kernels, we have limited our attention to modest size problems. With larger-scale boundary discretizations, fast solvers will be used to invert the linear systems at each time step and to speed up the computation of the spatial integrals in the history part. We are currently building such codes, including parallelization. Several observations concerning our results are in order. First, note that there is no stability issue for large time steps (as expected). Second, the linear systems which need to be solved at each time step are extremely wellconditioned, since the compact operator in the Volterra integral equation has small norm. Third, the convergence rates are roughly consistent with fourth order accuracy (slightly better because of the smoothing behavior of the heat equation).
Finally, in order for the reader to be able to easily implement the scheme, we list the sum-of-exponential approximations for the power function 
Conclusions
We have developed an efficient separated sum-of-exponentials approximation for the heat kernel in any dimension. The number of exponentials needed is O(log 2 ( T δ )) to obtain an approximation that is valid for t ∈ [δ, T ] and x ∈ R d for any prescribed precision , but only O(log( T δ )) of these modes involve the spatial variables. Such approximations can be combined with the local quadratures of [31] and the fast algorithms of [18, 19, 23 ] to create efficient, accurate and robust methods for the solution of boundary value problems governed by the heat equation in complex geometry.
